Strategy for Testing Series: Solutions

1. Since (—5)~™ = (—1/5)", this is a geometric series. Because |—1/5| < 1, it converges.
2. Since n? < n? 4+ 6n = n(n + 6) for all n > 0, we have
1 - 1
n(n+6) n?
Because Y 1/n? converges (it’s a p-series with p = 2 > 1), the comparison test
implies that > 1/(n(n + 6)) also converges.
3. Clearly, the sequence a, = 1/(50n) is decreasing and converges to 0. Thus, the
alternating series test implies that > (—1)"*!
4. Using I’'Hopital’s rule, we have
1
vn 3n Vvn

lim — = lim —— = lim —— =o0.
n—oo [N N n—o0o ﬁ n—oo 2

a, converges.

Hence, the limn_)oo(—l)"iz doesn’t exist and therefore the series $7(—1)"1 Y% di-

In Inn
verges.
5. Applying the ratio test, we have
T7L+1

lim ("jnl)r:limL:hmr< n ) =r<l,
n+1

s
n

and therefore the series converges.
6. If f(n) = (n* —n)™"/2, then f'(n) = —1(n* — n)™32(2n — 1). Thus, when n > 1,
f'(n) <0 and f(n) is decreasing. Moreover, we have

1
lim f(n) = lim —————= =0

Therefore, the alternating series test implies Y 1/4/n(n — 1) converges.
7. Since n? < n? + 2, we have

vnl(n) _nln(n)

n3 +2 n3

Furthermore, because In(n) < n for all n > 0 !, we obtain

Vi) _Vin

nd3 +2 n3 "

Now, the series Y. n~3/2 converges (it’s a p-series with p = 3/2 > 1) and hence the

Valn(n)
n3+2

comparison test implies that the series > also converges.

f f(z) = 22 then f'(z) = L-lnz Tt follows that f(z) has a unique critcal point at z = e. Since

x

f'(x) > 0 when z < e and f'(z) < 0 when = > e, the first derivative test implies that f(x) has a global
maximum at e. Hence, 122 = f(z) < f(e) = ¢ < 1 which yields Inz < z for all 2 > 0.
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8. Since e” is a strictly increasing function, el/" < e for all n > 1. Hence, we have

el/n e

n3/2 = p3/2°

Since Y en™*? converges (it’s a p-series with p = 3/2 > 1), the comparison test
implies that > e'/"n=3/2 also converges.
9. If f(n) = M then

(2n+5)(n+ 1) = 3(n®> +5n +6)(n + 1)? n? 4+ 8n + 13

/ _ - _
fiin) = (n+ 1) (n+1)*
When n > 0, f'(n) <0 and f(n) is decreasing. Moreover,
, n+1(n+2) . n?
Jfim f(n) = lim, (n+1)° = Jim o5 =0.
Therefore, the alternating series test implies Z(—l)”% converges.
10. Since
1065 ) G 6) -
nl \n/\n—-1)\n—-2 2/ \1 ’
the limit lim,,_ (_17)1# is not zero and hence the series ) (17 diverges.

11. For all n > 2, we have

n!_(n) n—1 n—2 2 1 - 2 1y 2

nn \n n n n) \n n)\n) n?

Since >~ 2n7? converges (it’s a p-series with p = 2 > 1), the comparison test implies
that n"—,'L converges. Finally, the absolute convergence test implies that the series

S (—1)"2 also converges.
12. Applying the ratio test, we have

6n+1
lim O i & — o<1,
and hence the series Z 7 COnverges.
13. Applying the ratio test, we have
(n+1)2(n+1)!
B v N 1 2 1 3
lim —C 2y (n+)(n+)2:hmn—4:0<1,

and therefore the series Z o L converges.
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14. Since n! < n! + 2, we have
3" - 3"
n!+2 "~ nl’

Now, applying the ratio test to the series > 3n—7;, we obtain

37L+1

lim (n;l)! = lim
n!

3
=0<1,.
1 )

n— 00 n—oo M

3n

P also

Thus, the series ) ?;L—T converges and the comparison test implies that >
converges.

15. Applying the ratio test, we have

T n+1 Inn "
n(n n+ .

lim SO . ( ) |
Since Inx is a strictly increasing function, Inn < In(n + 1) and IHEZ—L) < 1. Hence,

1 1 " 1 1

0< lim T~ (" <lm —0

n—oconln(n+1) \In(n+1) n—conln(n+1)  n—ccln(n+1)+ 25
Therefore, lim,,_, nh?(:in . (lnggz1)> =0 < 1 and the series W converges.

16. Applying the ratio test, we have

(n+1)65n+1

bV 5(n + 18 5
lim — 2 'm7§”+ ) —Jim 2L =0 <1,
n—o00 (Z+1)! n—oo M (n + 2) n—oo N

and hence the series > % converges.
17. Applying the ratio test, we have

6n+1 n
. (n(n+1))it . e Inn
lim ——~— =1
e ot T s In(n + 1) (ln(n T 1))

Because Inz is a strictly increasing function, Inn < In(n + 1) and thus méﬁ—.’h) < 1
It follows that

0< lim — n V' €y
“nmcoln(n4+1) \Inn+1) ~ascln(n+1)

. 1
Therefore, lim,,_, m(ne =y (ln’;zl

18. Since |sin(nw/7)| < 1, we have

sin(z;r/?) ' 1

)n =0 < 1 and the series ) ﬁ converges.

nd’
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19.

20.

21.

22.

23.

24.

Because the series > n™® converges (it’s a p-series and p = 3 > 1), the comparison

test implies that the series ) ‘%3/7)‘ converges. Finally, the absolute convergence
test implies > M converges.
Applying the ratlo test, we have
(=2)"+!
n+1)! 2
D gim —0<1,

n—oco ’ﬂ n—oom + 1

and therefore the series ) = C2" " converges.
For all positive integers n, we have

1 n
<1+—) >1.
n

It follows that lim,_...(—1)" (1 + %)n # 0 and hence the series Y (—1)" (1 + %)n
diverges.
Applying the ratio test, we have

(_1)7L+1

3! 2 ! 1
fenesr] _ o @e+D _0<1.
D T ) T 1 3+ 2)

2n+1)!

Therefore, the series > % converges.

Using L’Hopital’s rule, we have
1
= lim —2— = lim Inn = c0.

1m
n—oo 111(11’1 ’n,) n—o0 1 n—oo
nlnn

Inn

Therefore, the series » lnhfn"n diverges.

Since /7 is a strictly increasing function, the inequality n® < n(n+1)(n+2) implies
n%? < y/n(n+1)(n+2) and

0< ! <n 32,
Vn(n+1)(n+2)

converges (it’s a p-series with p = 3/2 > 1), the comparison test

Because . n~%/?

. . . 1
implies that the series et also converges.

For n > 2, the function f(n) = 4n®—11is p081tlve f’( )=mnis positive and f(2) = 1.

Addlng 2n? to both sides of the inequality 0 < n — 1 yields 3 1n? < n? —1 for n > 2.
Since the square root function is strictly increasing, we have ﬁn < — 1 and

1 1
<
nvn2—1  +/2n2
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for n > 3. Since ﬁ converges (it’s a p-series with p = 2 > 1), the comparison
test implies that > ﬁ also converges.
25. Using L’Hopital’s rule, we have

3
lim 3Vn+ iy BT

=34/ lim =3#0.
T
Therefore, lim,, o (—1)" 2241 sy 1 # 0 which implies that the series - (— )"Jrl?’\/——v:j_rl1
diverges.
26. If f(n) =In(1 +1/n) then
1 1 1
/ o I .
ro=(7) () =~ (75)
When n > 0, f'(n) <0 and therefore f(n) is decreasing. Moreover,
1
lim In (1—|——) =Inl1=0,
n—o0 n
and hence the alternating series test implies Y (—1)"In (1 + 1) converges.
27. If n is a positive integer then cos(nm) = (—1)". Clearly
1 1 1
<— and lim —=0.
Therefore, the alternating series test 1mphes that the series ) <% converges.
28. For n > 3 the function f(n) = — 5 is positive; f'(n) = ;’n2 1s positive and
f(B) =% —5>0. Adding 1n to both sides of the inequality 0 < n — 5 yields

In3 < n? — 5 which implies
1 2

<_
nd—5 nd

for n > 3. Since > 2n~3 converges (it’s a p-series with p = 3 > 1), the comparison

29. If f(n) = (n* +2n +_1)_1 = (n+1)72 then f'(n) = —2(n + 1)73. When n > 0,
f'(n) <0 and f(n) is decreasing. Moreover,

, 1
lim ———— =0,
n—oo n? 4+ 2n + 1
and therefore the alternating series test implies ) -5 +2n +11 converges.

30. For all n > 1, we have

Qn(?zl){n: (2n)-(2n—2127;...-(n+1) _ @_Z) <2n2—1)<n—21—1) -

Hence lim,, o (—1)" 5221 — # 0 and the series ) (—1)"570- (2n — diverges.

2n.n!-
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31. Since 5" < 5" + n, we have

1 1 2ntl on+l 2\"
< — which implies < =2 (—) .

n+9om" 5" n 4+ om om 3

Because 2/5 < 1 the geometric series Y 2 (%)n converges. Applying the comparison

test, we conclude that S 2 === also converges. Finalbi1 |(=2)"*H| = 2"*L 50 the
absolute convergence test implies that the series Z +5n converges.

32. Since |sinn| < 1, we have

'(—1)"sinn

1
< -
n? n?

Since the series > n~2 converges (it’s a p-series with p = 2 > 1), the comparison test
implies that the series ) 2t siin a]so converges. Finally, the absolute convergence test

implies that > (—1)"25%2 converges.
33. Since e" < e" + 1, we have

2
en+1 S
Since the series 2> e™™ converges (it’s a geometric series and e < 1), the compar-
ison test implies that the series > —2— o also converges.

. Since
1 sin (1 — 1) cos (& 1
lim nsin (—) = lim # = lim M = lim cos (—) =cos0=1#0,
the series Y nsin (1) diverges.
35. Because f(z) = I(Tlx)p is positive, continuous and decreasing on [2, 00), we may apply

the integral test. Since p > 1, we have
b

o 1 1
/ ——— dzr = lim (Inn)t=?
5 x(lnz)P b—oo |1 —p 0

— 1 1-p i 1-p
—p_1(1n2) +b1g£101—p(lnb)
B 1
(p—1)(In2)p=t"
and therefore the series ) ——— lnn converges.

36. If f(n)=(vV/n+vn+1)" 1then

7(n) = (W+W)<f f_)
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When n > 0, f'(n) <0 and f(n) is decreasing. Moreover,

1
lim —————— =10,
n—oo \/n+v/n+1
so the alternating series test implies > | (D" converges.

Vn4v/n+1



