Lagrange Form of the Remainder (also called Lagrange Error Bound or Taylor’s Theorem Remainder)

Given: f (x) = power series inx

A partial sum is the sum of the first "few" terms of the series.
The tail is the rest of the terms of the series after a partial sum.
the remainder is the number you get by "adding" all the terms in the tail.

So f (x) = partial sum + remainder
The error is the error you make by assuming f (x) = the partial sum.
So the error is the same number as the remainder (obvious, but subtle)

An error bound is a number known to be greater than the absolute value of the remainder.

For an alternating series that converges (signs of the terms alternate, terms decrease in absolute value, limit of the absolute
value of the terms goes to zero), the absolute value of the first term of the tail is an error bound.

In the integral test for convergence, the improper integral is an error bound.

Now, consider what Monsieur Lagrange is credited with showing. The LAGRANGE REMAINDER (the error) is exactly
equal to the first term of the tail, but with its derivative evaluated not at x = ¢ (about which the series is expanded) but at some
number z which is between ¢ and the value of x at which you are evaluating the function. As this value of z comes from
(repeated) application of the mean value theorem, there is often no way of knowing exactly what z equals. But if you can find a
number that is an upper bound for the derivative between ¢ and x, then you can find a LAGRANGE ERROR BOUND.

Taylor’s Theorem: If a function f is differentiable through order » + 1 in an interval containing ¢, then for each x in
the interval, there exists a number z between x and c such that

“(c 2 ™ (c "
Fx)=F(o)+ f'(c)(x——c)-i——j:—z(!—)(x—c) +...+f—n!(—)(x—c) +R (%)

where R (x) = _f(_:%()z’)(x - c)m .

One useful consequence of Taylor’s Theorem is that

R (x) = —(’W‘le -

where max l I (1) (Z) is the maximum value of f (1) (z) where z is between x and c.

This gives us a bound for the error. It does not give us the exact value of the error. The bound is called Lagrange’s form of
the remainder or the Lagrange error bound.

The goal is to maximize [ (1) (Z ) or to find a z that will maximize it. So —how do we do this? Here are the possibilities:
1. They tell you the maximum of f (1) (Z) for some z between x and ¢. (See 2004B BC2 and 1999 BC4)

2. They give you a graph of [ (1) (x) and you find its upper bound between x and c. (See 2011 BC6)

3. f(nﬂ) (x) is sinx or cosx in which case its maximum is 1. (See 2004 BC6)

4. f () (x) 1s increasing between x and ¢ so its maximum is at the right endpoint (if it is decreasing then its
maximum is at its left endpoint.) (See 2008 BC3)

. 1
5. It is a calculator problem so you graph f (e )(x) and determine its maximum between x and c.
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LAGRANGE REMAINDER OR ERROR BOUND

Like alternating series, there is a way to tell how accurately your Taylor polynomial
approximates the actual fanction value: you use something called the Lagrange
remainder or Lagrange exror bound.

Lagrange Remainder: If you use a Taylor polynomial of degree n centered about ¢ to
approximate the value x, then the actual function value falls within the error bound

!
Rox) = fh (@) (k- eyt

-+ !

Translation: Similar to alternating series, the error bound is given by the next term in the
series, n + 1. the only tricky part is that you evaluate {1}, the (n+ L)th derivative, at
z,n0t €. z is the number that makes fI0*1)(z) as large as it can be. This error bound is
supposed to tell you how far off you are from the real number, so we want to assume the
worst. We want the error bound to represent the largest possible error. In practice,
pieking z is pretty easy.

Example 1:

Approximate cos (.1) using a fourth-degree Maclaurin polyncmial, and find the
associated Lagrange remainder (error bound).

[ Solution:

, where z is some number between X and ¢|

2
Since the 4th degree Taylor polynomial for cosx =1~ ;—,‘ + 2::' , then

cos ()= 1 —-%‘,L L)“ 29500416667

Now, the associated Lagrange remainder after n =4 (denoted Ra(x)) is

5 ()5
Ry(x) = fo)(z) (x~c)

3t

The fifth derivative of cos x is —sin z. Now, pluginx=.1 and ¢ = 0 to get

s 5
Ml),u_u_t_zx_u_'

We need - sin z to be as large as possible. The largest value of ~sinz is 1, By
assuming - sin z is the largest possible value, we are creating the largest possible etror
so,plugin | for~sinz The actual remainder will be less that this largest possible
value,

A I

Therefore, our approximation of 99500416667 is off by less than 0000000833,
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Example 2:

(a) Determine the degree of the Maclaurin polynomial that should be used to
approximate Ve to four decimal places. (b) Use this Maclaurin polynomial to estimate

3\/5 to four decimal places,

Solution;

(8) f(x) = e

x4

3
“The nth degree Maclaurin polynomial is P,,(x) = l+x+i 2, ’7;— R I

+
The Lagrange form of the remainder with x = % (since 3\'/; 31/3)

1 f(m-l)(z) él.tﬂ 1
Rn(’j) = eI where 0<z<§
Since ) (x)=e* for all derivatives of f(x) = eX, we have
1 el (1 1 ol
Rﬂ(s) @+ 0! (3)”“ So, R"(s)l < @rnia

but since £<27, then e!3 <3 and we have;
anG) < m henee, 'Rn(%)
Since we are seeking Ye with four decimal accuracy, we need
)

By trial and errot using a calculator, this is true when n = 5 since —(-SM—IBE; 000006 < ,00005

1 ; 3
Therefore, we use as an approximated value of Ve accurate to 4 decimal

places,

<

i
< m (the Lagrange error bound)

)

1
< 0.,00005 when PR < 0.00005

to be less than -

0.00003,

4
(b)  Then Ps(x) = 1+x+2! xS

X.
3l
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2011 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

Graphof y = Ifm(x)f

6, Let fx)= sin(:cz) +cosa, The graph of y = [ j'(s)(x)} iy shown above,
(a} Write the first four nonzero terms of the Taylor series for sin x about x = 0, and write the first four
nonzero terms of the Taylor series for sin (x2) about ¥ = Q.
(b) Write the first four nonzero terms of the Taylor series for cos.x about x = 0. Use this seties and the series
for sin (xz ), found in part (a), to wiite the first four nonzero terms of the Taylor series for f about x = 0.
{c) Find the value of fm(())A
(d) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Using information from the graph of

y= l_[(s)(x)l shown above, shaw that IP,,(::-) ~f(%\)[ < 5—0—1(—)-5

2004 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

6. Let f be the function given by f{x) = sin {Sx + —:{‘), and let P(x) be the third-degroe Taylor polynomial
for f abour x = 0,

(a) Find P(x).
(b) Find the coefficient of % in the Taylor series for S about x =0,

. LYol
(c) Use the Lagrange ervor bound to show that ,f(m) P(m)l <105

{d) Let G be the function given by G(x) = J.(; JF{r)dt. Write the third-degree Taylor polynomial
for G about x = 0,

2008 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

X h(x) B'(x) (%) R (x) h(4)(x)
1 1t 30 42 99 18
488 448 584
2 298 funia 204
2 80 128 3 5 5
753 1383 3483 1128
3 317 5 7 e T

3. Let h be a fonction having derivatives of all orders for & > 0. Selected values of / and its first four derivatives
are indicated in the table above. The function /i and these four derivatives are increasing on the interval
1£x%3,

(a) Write the first-degree Taylor polynomial for k about x = 2 and useitto approximate 7(1.9). Is this
approximation greater than or less than A(1.9) ? Explain your reasoning.

(b Write the third-degree Taylor polynornial for 4 about x = 2 and use it to approximate 4(1.9).

(¢) Use the Lagrange error bound to show that the third-degree Taylor polynomial for # about x = 2
approximates k(1.9) with error fess than 3 x 107,

2004 AP CALCULUS BC FREE-RESPONSE QUESTIONS (Form B)
2.

Let f be a function having derivatives of all orders for all real numbers. The third-degree Taylor

polyronial for £ about x =2 is given by 7(x) =7 - 9(x ~ 2)2 ~3{x~ 2)3 .

(@) Find f(2) and f7(2).

(b) Is there enough information given to determine whether £ has a oritical pointat x =27
1f not, explain why not. If so, determine whether J(2) Is a relative maximu, a relative minimom,
or neither, and justify your answer,

(¢) Use T(x) to find an approximation for f(0}. Is there enough information given to determine
whether f has a critical point at x = 0 7 If not, explain why not. If'so, detecmine whether S(0) isa
relative maximum, a relative mininim, or neither, and justify your answer,

(d) The fourth derivative of f satisfies the inequality { 9 (x)l % 6 forall x in the closed interval
[0, 2}. Use the Lagrange error bound on the approximation to S{0) found in part (¢) to explain why
f(0) is negative.

1999 CALCULUS BC

4. The function f has derivatives of all orders for all real munbers x. Assume f(2) = -3, £(2) = 5, £(2) = 3,
and f(2) = ~8.

(a) ‘Write the third-degree Taylor polynomial for £ about x = 2 and use it to approximate JQ5).

(b) The fourth derivative of f satisfies the inequality jfm(x){ £ 3 forall ¥ in the closed interval {15, 2], Use
the Lagrange error bound on the spproximation to £(1.3) found in past (a) to explain why f(L5) # ~5.

(¢} Write the fourth-degree Taylor polynomial, P(x}, for g(x) = f(x” + 2) about x = 0. Use P to explain
why g must have a relative minimun at x = 0.
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Question 6

Let /() = sin{x*} + cos x. The graph of y = !fm(x)| is

i ; f

shown above. 12 .
(a) Write the first four nonzero terms of the Taylor series for 40 i

gin x about x = 0, and write the first four nonzero terms i

ofthe Taylor series for sin(x”) about x = 0. ’\ N7 B /
(b) Write the first four nonzera terms of the Taylor sevies for LV i X

cos x about x = 0, Use this serfes and the series for -1 0

sin(xz), found in part (a), to write the first four nonzero Graph of y = if m(x)t

terms of the Taylor series for f about x = 0.

(¢) Find the vatue of *(0).

(d) Lt By(x) be the fourth-degree Taylor polynomial for £ about x = 0, Using information from the graph of

y= If 45’(x)[ shown above, show that

l3) -5l o0

(a) sinx

sin(x?) = v

s lede g S
(b)Y cosx=1 21+4" 6!+ 3

A
f’(x)=1+—§‘+%—!——-6§-+

7%0)
]

x = 0. Therefore f©{0) = ~121,

is the coefficient of x in the Taylor series for S about 1

(¢

(d

=

The graph of y = tf‘s)(x)] indicates that max |f(5)(x)| < 40,
0sas

Therefore
max [f‘s)(x)i

RATRON N Y A P NN SO
4”4(4) -f(4)|$ 5 (4) < T20. 4 = 3073 < 066"

[, 1:series for sin x
' ﬁ 2 : series for sin(.\’l)

{1 ¢ series for cos x
: i 2 series for f(x)

L answer

o, [ 11 form of the ctror bound

L analysis
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Question 3

R | KRG | H | A | e
1 11 30 42 99 18
- 488 448 584
2 80 128 3 5 &5
733 1383 3483 1125
SO0 B B i M ol B r ol B T

Let / be a function having derivatives of all orders for x > 0. Selected values of /i and its first four
derivatives are indicated in the table above. The function A and these four derivatives are increasing on

the interval 1 £ x £ 3.

(a) Write the first-degree Taylor polynomial for & about x = 2 and use it to approximate A(1.9). Is this

approzimation greater than or less than 4(1.9} ? Bxplain your reasoning.

(b) Wiite the third-degree Taylor polynomial for h about x = 2 and use it to approximate (1.9},
(c) Use the Lagrange error bound to show that the third-degree Taylor polynomial for & about x = 2

approximates k(1.9) with error less than 3 x 107,

(a) Bx)=80+128(x~2), s0 h(19) = A(1.9) = 67.2 [ 2: B(x)
i . 4:41:R(19)
B(19) < h(1.9) since ' is incrensing on the interval !l 11 B(19) < h(1.9) with reason
ISxs3. !

(®) A(x) =80 +128(x~2) + 2B op M8 o) 1ol p(y)
G i 347 a)

B{19) = B(19) = 67.988

(c) The fourth derivative of /1 is increasing on the interval
|= 84
5

1€ x<3,50 max !h(")(x) "] 1 : reasoning
19282

i
Therefore, [A(1.9) - A(1.9)] < 5%31_1 .94_12‘

= 27037 %107
<3x10™

i { 1 : form of Lagrange error estimate
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Question 6

Let /'be the function given by f{x) = sin(Sx + %), and fet P{x) be the third-degres Taylor polynomial
for f about x = 0.
() Find P(x).

{b) Find the cocfficient of x* in the Taylor setfes for 1 about x = 0,

(c) Use the Lagrange error bound to show that } ¥i (-l—l(—)—) - P(Tl(i)f < Y&%

{d) Let G be the function given by G(x) = J‘: J{t)dr. Write the third-degree Taylor polynomial
for G about x = 0.

. 4: P
@  f(0)=sin (%} = -—g— =)
55 {~1) each error or missing term
110y = 5¢os(£’.) =32
4 Z deduct only once for sin (%)
0y = <25 sin(% = ._.22_2_‘/2 evaluation error
o z\_ 12545 deduet only once for cos(%)
F7(0) = ~125 cos| 4) =TT evaluation error
P(x)= _‘gz+_5l£2:x _%xz _i%;g.f {~1) max for all exira terms, + -+,
(21} : misuse of equality
52 . [ 1 magnitude
®) 2(221) 2 {1 :sign
. 4
©} l f(l_l@i) - I’(—%}l £ max ; f (‘”(c)f(%)(}%} - ervor bound in an appropriate
Ogedns : inequaﬁ[y
721 S U SN I
< ’4?(1‘5) =38 < 100
{d) The third-degree Taylor polynomial for G about 2: third-degree Taylor polynomial for G

i < o
x =0 is f (i;z-+9—‘fzf——~—~25ft’)dt about x = 0
Jo

2
{~1) each incorrect or mising term
T e 2508 ¢
B i o {=1) max for all extia torms, + -+,

misuse of equality

AP® CALCULUS BC
2004 SCORING GUIDELINES (Form B)

Question 2

Let 7 be a fanction having derivatives of all orders for ali real numbers. The third-degree Taylor
polynomial for £ about x =2 isgivenby T(x} = 7~ 9{x -2 ~3(x -2,
() Find £(2) and f7(2).

{b) Isthere enough b ion given to d ine whether £ has a critical pointat x = 2 7
If not, explain why not. If so, determiine whether £(2) is a rolative i , o relative
or neither, and justify your angwer.,

&) Use 7{x) to find an approximation for f(0). fs there encugh ink ion given fo d

whether f has » critical pointat x = 0 7 If nof, explain why not. i so, determine whothor 70} isa
relative maximun, 2 relative minbvun, or neither, and justify your answer,
() The fourth derivative of f satisfies the inequality If “”(x)} 56 forall x in the closed intorval

[0, 2]. Use the Lagrange error bound on the approximation to (0} found in part ¢) to explain why
F(0) is nogative,

@ R2y=1()=7 2 [1f(2)y=9
ia‘f-’*-*’ 50 £(2) = ~15 L1 (@) =-18
() Yes,since f(2)=1"(2) =10, fdoeshave a critical 1 :states f{2) =0
pointat x == 2, 2: 4 1:declares f(2) as a relative
Since f7(2) =18 <0, f(2) isa rolative maximum magimum because £7(2) < 0
value,
© FO)=T7(0) =5 1o A0} = T(0) = ~$
1t is not possible to detexmine if / has a eritical point o | b declares that it is not
at x =0 becanse T(x) gives exact mformation only o possible to deteoming
atx =2 1 reagon
{d) Lagrange ertor bownd = évw ~2ft =4 { 1+ valus of Lagrange exror
A 2:4  bound
FO) S T(0) 4= | 1. explasation
Therefore, f{0) is negative.
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